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(�Äé¡�ÅiÄ, b�z� ∆t �m�VÇ/��½�m£Ä��Ú� ∆x , zg£Ä�pÕá.)

Ú~. P Xn L«âf31 n g$Ä���, t ��âf� �

X (t) := (X1 + · · ·+ X[t/∆t]) · ∆x , t ≥ 0,

K

EX (t) = 0, DX (t) = (∆x)2[
t

∆t
].

- ∆x , ∆t → 0 : ∆x = c
√

∆t,

D(X (t))→ c2t.

�âé¡�ÅiÄ�±íÑ��
{ü5�:
1 d¥%4�½n, X (t)∼̇N(0, c2t). ?�Ú�,

2 {X (t), t ≥ 0} ´²­ÕáOþL§:

X (t)− X (s)∼̇N(0, c2(t − s)), t > s.

]
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�� BM ���;�
A�z^��;�´ëY�, ¿�A�::Ø��(��).
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½Â 7.1.1:

e {X (t), t ≥ 0} ÷v
(1) X (t) ´ÕáOþL§;

(2) é?¿ s, t > 0, X (s + t)− X (s) ∼ N(0, c2t);

(3) X (t) ´'u t �ëY¼ê.

K¡ {X (t), t ≥ 0} � Brown $Ä½ Wiener L§.

AO�, � c = 1 �, ¡ {X (t), t ≥ 0} �IO Brown $Ä.
d�, e X (0) = 0, K X (t) ∼ N(0, t), �A�Ý�

ft(x) =
1√
2πt

e−x
2/2t .

¢Sþ, e c 6= 1, K��ÄIO Brown $Ä {X (t)/c , t ≥ 0}.
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e¡þ?ØIO Brown $Ä.

~ 7.1.1:

b� {X (t), t ≥ 0} ´�� Brown $Ä, ¦:

(1) X (1) + 3X (2) �©Ù;

(2) Cov(X (1) + X (3),X (3)− X (2));

(3) P(X (7) ≤ 3|X (1) = 1,X (3) = 2).
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Brown $Ä�VÇ5�

½n 7.2.2

Brown $Ä´�� Markov L§.

¯¢þ, éu 0 ≤ s, t,

P(X (t + s) ≤ a|X (s) = x ,X (v) = xv , 0 ≤ v < s)

=P(X (t + s)− X (s) ≤ a− x |X (s) = x ,X (v) = xv , 0 ≤ v < s)

=P(X (t + s)− X (s) ≤ a− x |X (s) = x)

=P(X (t + s) ≤ a|X (s) = x).

1���Ò´Ï� X (t + s)− X (s) ��� v ∈ [0, s) � �
X (v) Õá.
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k��©Ù

½n 7.2.3

é?¿ 0 = t0 < t1 < · · · < tn, (X (t1), · · · ,X (tn)) �éÜ�Ý
�

ft1,··· ,tn(x1, · · · , xn) =
n

∏
i=1

fti−ti−1(xi − xi−1).

Ù¥ ft(x) =
1√
2πt

e−
x2

2t , x0 = 0.
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y. (é n ^êÆ8B{) � n = 2 �, d Markov 5Ú²­5,

P(X (t2) ≤ x2|X (t1) = x1) = P(X (t2)− X (t1) ≤ x2 − x1),

�½ X (t1) = x1, X (t2) �^��Ý

ft2(x2|X (t1) = x1) = ft2−t1(x2 − x1).

¤±d^��Ý�5�,

ft1,t2(x1, x2) = ft2(x2|X (t1) = x1)ft1(x1) = ft1(x1)ft2−t1(x2− x1).
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� n = k ��ª¤á, Ón

P(X (tk+1) ≤ xk+1|X (tk) = xk ,X (tj ) = xj , 1 ≤ j ≤ k − 1)

=P(X (tk+1)− X (tk) ≤ xk+1 − xk |X (tk) = xk)

=P(X (tk+1)− X (tk) ≤ xk+1 − xk).

∴ ftk+1
(xk+1|X (tj ) = xj , 1 ≤ j ≤ k − 1) = ftk+1−tk (xk+1 − xk).

l


ft1,··· ,tk+1
(x1, · · · , xk+1)

=ft1,··· ,tk (x1, · · · , xk)ftk+1
(xk+1|X (tj ) = xj , 1 ≤ j ≤ k − 1)

=ft1(x1)ft2−t1(x2 − x1) · · · ftk+1−tk (xk+1 − xk).
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~ 7.2.1 é?¿ s < t, ¦ X (s)|X (t) = B �©Ù, Ù¥ B ´?¿¢
ê. ¯¢þ§Ï�

fs |t(x |B) =
fs(x)ft−s(B − x)

ft(B)
= c1 exp{−

x2

2s
− (B − x)2

2(t − s)
}

= c2 exp{−
t(x − BS/t)2

2s(t − s)
},

¤±^�©Ù�´��©Ù. �A�

E[X (s)|X (t) = B ] = Bs/t,
D(X (s)|X (t) = B) = s(t − s)/t.

��Ø�6u B, =XJ s/t = α ∈ (0, 1)§ K

X (s)|X (t) ∼ N(αX (t), α(1− α)t).

]
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Gauss L§

½Â 7.2.1:

eL§ {X (t), t ∈ T} é?¿ t1 < t2 < · · · < tn,

(X (t1), · · · ,X (tn))

�éÜ©Ù� n ���©Ù, K¡ {X (t), t ∈ T} � Gauss L§.

5. 1 Gauss L§�VÇ5�dþ�¼êÚ���¼ê��(½.
2 w,, Brown $Ä´ Gauss L§.
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�äGauss L§� Brown $Ä�¿�^�.

½n 7.2.4:

� {B(t), t ≥ 0} ´;�ëY� Gauss L§, B(0) = 0 �

EB(t) = 0, E[B(s)B(t)] = t ∧ s (∀s, t > 0), (A)

K {B(t), t ≥ 0} ´ Brown $Ä. ��½,.
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y. (¿©5) e B � Brown $Ä, K B � GaussL§. d Brown
$Ä�½Â��, ;�ëY� EB(t) = 0. - 0 < s ≤ t,

E[B(t)B(s)] = E[(B(t)− B(s) + B(s))B(s)]

=E[B(t)− B(s)]E[B(s)] + s = s

¤±, E[B(t)B(s)] = t ∧ s.
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(7�5) e B ´ Gauss L§�÷v (A) ª, Ké?¿ s, t > 0,

E[B(t)− B(s)] = E[B(t)]−E[B(s)] = 0,

E[B(t)− B(s)]2 = EB2(t) + EB2(s)− 2E[B(t)B(s)]

=t + s − 2(t ∧ s) = |t − s |.

�� B ´²­Oþ�, 
é?¿ s1 < t1 < s2 < t2,

E[(B(t1)− B(s1))(B(t2)− B(s2))]

=E[B(t1)B(t2)]−E[B(t1)B(s2)]

−E[B(s1)B(t2)] + E[B(s1)B(s2)]

=t1 − t1 − s1 + s1 = 0.

� B ´ÕáOþ�, db�q´ëY;��, ¤± B ´ BM.
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dþ�±íÑ Brown $Ä�²£ØC5Ú�ÝØC5:

íØ 7.2.1

e {B(t), t ≥ 0} ´ Brown $Ä, a, c > 0, K

1 {B(t + a)− B(a); t ≥ 0} ´ Brown $Ä;

2 (g�q5) {B(ct)/
√
c ; t ≥ 0} ´ Brown $Ä.
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½n 7.2.5:(0 � ∞ �é¡5)

� X̃ (t) :=
{

tX (1/t), t > 0,
0, t = 0,

K {X̃ (t), t ≥ 0} ´ BM.

y. ´y {X̃ (t), t ≥ 0} ´ Gauss L§, � ∀t, s ≥ 0

E[X̃ (t)] = 0, E[X̃ (t)X̃ (s)] = t ∧ s.

 y: limt↓0 X̃ (t) = 0 a.s..
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¯¢þ,

F̃ := {lim
t↓0

X̃ (t) = 0} =
∞⋂

m=1

∞⋃
n=1

⋂
t∈Q∩(0,1/n)

{|X̃ (t)| < 1/m},

F := {lim
t↓0

X (t) = 0} =
∞⋂

m=1

∞⋃
n=1

⋂
t∈Q∩(0,1/n)

{|X (t)| < 1/m},

Ï� {X̃ (t), t ≥ 0} � {X (t), t ≥ 0} k�Ó�k��©Ù, ¤±

P(F̃ ) = P(F ) = 1.
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Ún 7.2.1:

P(supt≥0 X (t) = ∞) = 1.

y. - Z := supt≥0 X (t), d Brown $Ä�g�q5,

é?Û c > 0, cZ � Z Ó©Ù,

l


P(Z ∈ (0, u)) = P(cZ ∈ (0, u)) = P(Z ∈ (0, u/c)),

d c �?¿5, k P(Z ∈ (0, u)) = 0, ¤±

P(Z ∈ {0,∞}) = 1.
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y. (Y) Ï�

P(Z = 0) = P(X (t) ≤ 0, ∀t ≥ 0)

≤ P(X (1) ≤ 0, sup
t≥0

(X (t + 1)− X (1)) = 0)

= P(X (1) ≤ 0)P(Z = 0) =
1

2
P(Z = 0),

¤± P(Z = 0) = 0, =

P(Z = ∞) = 1.
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½n 7.2.6:

P(lim supt→∞ X (t) = ∞, lim inft→∞ X (t) = −∞) = 1.

y. �3 Ω0 ¦� P(Ω0) = 1 �é?¿ ω ∈ Ω0,

X (t,ω) ´'u t �ëY¼ê� supt≥0 X (t,ω) = ∞.

∴ t > 0, supu≤t X (u,ω) < ∞, = supu>t X (u,ω) = ∞.

∴ P(lim sup
t→∞

X (t) = ∞) = 1.


 {−X (t), t ≥ 0} �´ BM,

∴ P(lim inf
t→∞

X (t) = −∞) = 1.

5. �� Brown $Ä´~��, ±VÇ 1 ��?Û:.

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä



Brown $Ä�½Â9Ä�5�
Brown $Ä�Ù¦5�

o÷;�

Brown $Ä�Ä�½Â
Brown $Ä�5�
∗ Brown x

Brown x´�ad Brown $Ä½Â�,���~­��L§.

½Â 7.2.2:

� {X (t), t ≥ 0} ´ Brown $Ä, K¡^��ÅL§

{X (t), 0 ≤ t ≤ 1|X (1) = 0}

� Brown x. TL§Ó�3 0, 1 ����½3 0 :.

5. Brown x�½Â�þ�� 0, ���¼ê� s(1− t) (s < t)
� Gauss L§.
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Xe·Kw�·�¼� Brown x��{.

·K 7.2.1:

e {X (t), t ≥ 0} ´ Brown $Ä, - Z (t) := X (t)− tX (1), K
{Z (t), 0 ≤ t ≤ 1} ´ Brown x.

y. �Iy EZ (t) = 0 9 Cov(Z (s),Z (t)) = s(1− t) (s < t).
cöw,.

Cov(Z (s),Z (t)) = Cov(X (s)− sX (1),X (t) = tX (1))

=Cov(X (s),X (t))− tCov(X (s),X (1))

− sCov(X (1),X (t)) + stCov(X (1),X (1))

=s − st − st + st = s(1− t).
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Brown x3ïÄ²�©Ù¼ê�åX'��^

� F ∼ U(0, 1), X1,X2, · · · � i.i.d. ©Ù¼ê� F ��ÅS�,
X1, · · · ,Xn �²�©Ù¼ê

Fn(s) :=
1

n

n

∑
i=1

1{Xi≤s} (0 < s < 1),

Kd�ê½n, k

P(Fn(s)→ F (s) = s) = 1.

,��¡, d De Moivre-Laplace ÛÜ4�½n, �½ s ∈ [0, 1],

αn(s) :=
√
n(Fn(s)− s) ∼ AN(0, s(1− s)).

(d4�©Ù� s k', �Âñ5� s Ã'.)
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�ÄoN©Ù F ëY, X1,X2, · · · ,Xn �{ü�Å��, K
F (X1),F (X2), · · · ,F (Xn) � i.i.d. U(0, 1)−�ÅS�, P

Fn(s) :=
1

n

n

∑
i=1

1{F (Xi )≤s} (0 < s < 1).

½Â αn = {αn(s), 0 ≤ s ≤ 1}:

αn(s) :=
√
n(Fn(s)− s).

·K 7.2.2:

αn = {αn(s), 0 ≤ s ≤ 1} ´���©ÙÂñu Brown x
B = {B(t), 0 ≤ t ≤ 1} ��ÅL§.
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Â¥�, ½¡Ä¥�

� b > 0,
Tb := inf{t > 0 : X (t) = b} (> 0).

Ún 7.3.1: (r Markov 5)

� T ´k�Ê�, K

1. {X (t + T )− X (T ), t ≥ 0} ´Õáu FT � Brown $Ä.
AO�,

2. é?¿ t > 0 Ú Borel 8 A, k

P(X (t + T ) ∈ A|FT ) = PX (T )(X (t) ∈ A).

Ù¥, FT = {B ∈ F∞ : B
⋂{T ≤ t} ∈ Ft , t ≥ 0}.
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5: 3 Markov ó��/e, Markov 5�r Markov 5´�d�.

� τ ´��Ê�, Ké?Û n ≥ 0, x ∈ E ,A ⊂ E k

Px (Xn+τ ∈ A; τ < +∞|Fτ) = PXτ (Xn ∈ A)1{τ<+∞}.

¯¢þ, ?� B ∈ Fτ,

Px (Xn+τ ∈ A;B ∩ {τ < ∞}) =
∞

∑
k=0

Px (Xn+τ ∈ A;B ∩ {τ = k})

=
∞

∑
k=0

Px (Xn+k ∈ A;B ∩ {τ = k})

=
∞

∑
k=0

Ex (PXk (Xk ∈ A);B ∩ {τ = k}) (: k ��� Markov 5.)

= Ex (PXτ (Xn ∈ A);B ∩ {τ < ∞}),
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½n 7.3.1: (���n)

�½¢ê b, -

X̂ (t) :=
{

X (t), t < Tb,
2b− X (t), t ≥ Tb,

K {X̂ (t), t ≥ 0} �´ Brown $Ä.
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y∗. é t ≥ 0, -

Y (t) := X (t)1t≤Tb
, Z (t) := X (t + Tb)− b.

dr Markov 5,

Z = {Z (t), t ≥ 0}´Õáu Y = {Y (t), t ≥ 0} � Brown $Ä,

∴ −Z = {−Z (t), t ≥ 0} ´Õáu Y � Brown $Ä
∴ (Y ,Z ) � (Y ,−Z ) k�Ók��©Ù. ½Â

ϕ : (Y ,Z )→ {Y (t)1{t≤Tb}+(b+Z (t−Tb))1{t>Tb}, t ≥ 0}

)¤��ëYL§, ϕ(Y ,−Z ) �´��ëYL§, ��öä
k�Ók��©Ù. 


ϕ(Y ,Z ) = X , ϕ(Y ,−Z ) = X̂ ,

¤± X̂ �´ Brown $Ä.
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���Cþ, ½¡���i§

Mt := sup{X (u), u ≤ t}.

íØ 7.3.1:

(1) é?¿ b, y , t ≥ 0,

P(Mt ≥ b,X (t) ≤ b− y) = P(X (t) ≥ b+ y);

(2) Mt � |X (t)| Ó©Ù:

P(Mt ≥ b) = 2P(X (t) ≥ b), ∀b ≥ 0;

(3) é?¿ b 6= 0,

fTb
(t) =

|b|√
2πt3

exp{−b2

2t
}, t > 0, l
 ETb = ∞.
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y. (1) é?¿ b, y , t ≥ 0,

P(Mt ≥ b,X (t) ≤ b− y)

=P(M̂t ≥ b, X̂ (t) ≥ b+ y) = P(X̂ (t) ≥ b+ y)

=P(X (t) ≥ b+ y);

(2) ∀b > 0,

P(Mt ≥ b)

=P(Mt ≥ b,X (t) > b) + P(Mt ≥ b,X (t) ≤ b)

=2P(X (t) ≥ b);
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(3) é?¿ b > 0, t > 0,

P(Tb ≤ t) = P(Mt ≥ b) = 2(1−Φ(b/
√
t)).

∴ fTb
(t) = 2φ(b/

√
t)
1

2

b√
t3

=
b√
2πt3

exp{−b2

2t
}.

l


ETb =
∫ ∞

0

b√
2πt

exp{−b2

2t
}dt = ∞.
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·K 7.3.1:

� 0̄(t1, t2) := {@t ∈ (t1, t2) : B(t) = 0}, K

P(0̄(t1, t2)) =
2

π
arcsin

√
t1
t2
.

AO�, � t1 = xt, t2 = t, 0 < x < 1 �,

P(0̄(xt, t)) =
2

π
arcsin

√
x .
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y. d Brown $Ä�ëY5Úé¡5

P(0(t1, t2)|B(t1) = x) = P(Tx ≤ t2− t1) = 2(1−Φ(
x√

t2 − t1
)),

l


P(0(t1, t2)) =
∫ ∞

−∞
P(0(t1, t2)|B(t1) = x)

1√
2πt1

e−
x2

2t1 dx

=
1

π
√

t1(t2 − t1)

∫ ∞

0

∫ ∞

x
e−

y2

2(t2−t1) dye−
x2

2t1 dx ,
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2-

x =
√
2t1ρ cos ϕ, y =

√
2(t2 − t1)ρ sin ϕ (0 < ϕ < π/2),

K Jacobi 1�ª� 2
√

t1(t2 − t1)ρ, þª=�

1

π
√

t1(t2 − t1)

∫ π
2

arctan
√

t1
t2−t1

dϕ

=
2

π
(

π

2
− arctan

√
t1

t2 − t1
) = 1− 2

π
arctan

√
t1

t2 − t1
,




arctan

√
t1

t2 − t1
= arcsin

√
t1
t2
,

∴ P(0(t1, t2)) = 1− 2

π
arcsin

√
t1
t2
.
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î�/`,

o÷;�µ

XJ��ëY¼ê

f : [0,∞)→ R �ã�­�

3?Û��«mþ��ÝÑ´Ã¡, K¡T¼ê�;�´o÷�.

5. XJ f 3?Û�ã«mþ´1w (ëY��) �, @o§3
ù�ãþ��Ý7,´k��.

;�o÷¿�X§vk?Û�ã´1w�.
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­���Ý

b� f ´ [a, b] þëY¼ê,

`(f ) : ã� {(x , f (x)) : x ∈ [a, b]} ��Ý.

D = {a = t0 < · · · < tn = b} : [a, b] ���y©, dn�Ø�ª

`(f ) ≥∑
D

[(ti − ti−1)
2 + (f (ti )− f (ti−1))

2]1/2

≥∑
D

|f (ti )− f (ti−1)|

=: VD(f ) (: f 3 D þ�C�).
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é¤k�y© D �þ(., ¡

V (f ) := sup
D

VD(f ) : f ��C�.

k
V (f ) ≤ `(f ).

�ÝÃ{½Â, 
�C�´kî�½Â�,

r¼ê�o÷n)�§3?Û«mþ��C�´Ã¡.
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Brown $Ä �(A�¤k);�´ëY�.

½Â {Bt} 3«m [a, b] �y© D þC��

VD(B) = ∑
D

|Bti − Bti−1 |,

§´���ÅCþ, �y²§A�??ªuÃ¡.

5. E|Bti − Bti−1 | =
√

2
π ·
√
ti − ti−1. íÑ

E[V (B)] =

√
2

π
· lim
m(D)→0

∑
D

√
ti − ti−1 = ∞,

Ù¥ m(D) = maxi (ti − ti−1). (ùØUíÑ V (B) = ∞ a.s.)
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Ú\¼ê��gC�:

VD
2 (f ) := ∑

D

(f (ti )− f (ti−1))
2.

5. du

VD
2 (f ) ≤ max

D
|f (ti )− f (ti−1)| · VD(f )

≤ max
D
|f (ti )− f (ti−1)| · V (f ).

e V (f ) < ∞, K?��ªu 0 �y©� {Dn}, Ï�¼ê
ëY, �

lim
n

max
Dn

|f (ti )− f (ti−1)| = 0 (: ��ëY).

ÏdíÑ VDn
2 (f )→ 0.
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_Ä·Kµ

e�3��ªu"�y©� {Dn} k

lim
n

VDn
2 (f ) > 0,

K f �C� V (f ) = ∞.

r {Bt} 3«m [a, b] þ'uy© D ��gC���

VD
2 (B) := ∑

D

(B(ti )− B(ti−1))
2,

Ù¥ B(t) = Bt . ù´���6u D ��ÅCþ, e¡y²

E[VD
2 (B)] = b− a,

E[VD
2 (B)− (b− a)]2 = 2∑

D

(ti − ti−1)
2.
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Ún 7.5.1

� D = {0 = t0 < t1 < · · · < tn = t} ´«m [0, t] �k�y©,

VD
2 =

n

∑
l=1

|Btl − Btl−1 |2 : ¡� B 3©y D þ��gC�,

@o

EVD
2 = t,

E

{(
VD
2 −EVD

2

)2}
= 2

n

∑
l=1

(tl − tl−1)
2.
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¯¢þ,

EVD
2 =

n

∑
l=1

E|Btl − Btl−1 |2 =
n

∑
l=1

(tl − tl−1) = t .

�y²1��úª, kO�

E

{(
VD
2 −EVD

2

)2}
= E


(

n

∑
l=1

|Btl − Btl−1 |2 − t

)2


= E


(

n

∑
l=1

(
|Btl − Btl−1 |2 − (tl − tl−1)

))2


=
n

∑
k,l=1

E
(
|Btk − Btk−1 |2 − (tk − tk−1)

) (
|Btl − Btl−1 |2 − (tl − tl−1)

)
,
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þª =
n

∑
l=1

E
(
|Btl − Btl−1 |2 − (tl − tl−1)

)2
+ ∑

k 6=l

E
(
|Btk − Btk−1 |2 − (tk − tk−1)

) (
|Btl − Btl−1 |2 − (tl − tl−1)

)
.

Ï�ØÓ«m�Oþ´Õá�, þª1��� 0, �

E
(
VD
2 −EVD

2

)2
=

n

∑
l=1

E
(
|Btl − Btl−1 |2 − (tl − tl−1)

)2
=

n

∑
l=1

E
{
|Btl − Btl−1 |4 − 2(tl − tl−1)|Btl − Btl−1 |2 + (tl − tl−1)

2
}

=
n

∑
l=1

{
E|Btl − Btl−1 |4 − 2(tl − tl−1)E|Btl − Btl−1 |2 + (tl − tl−1)

2
}

= 2
n

∑
l=1

(tl − tl−1)
2 (∵ E|Btl − Btl−1 |4 = 3(tl − tl−1)

2).
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BM A�¤k���;�3?Ûk.«mþÑØ´k.C��.

½n 7.5.1

� B = (Bt)t≥0 ´��IO Brown $Ä, D ´«m [0, t] þ�k
�©y, �

m(D) = max
l
|tl − tl−1|,

Ké?Û t > 0,

lim
m(D)→0

VD = t in L2(Ω,P),

�k lim
m(D)→0

VD = t in probability.
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y. Äuc¡�Ún, ·�k

E

∣∣∣∣∣∑
l

|Btl − Btl−1 |2 − t

∣∣∣∣∣
2

= E

∣∣∣VD
2 −E

(
VD
2

)∣∣∣2
= 2

n

∑
l=1

(tl − tl−1)
2

≤ 2m(D)
n

∑
l=1

(tl − tl−1)

= 2tm(D),

Ïd

lim
m(D)→0

E

∣∣∣∣∣∑
l

|Btl − Btl−1 |2 − t

∣∣∣∣∣
2

= 0 .

School of Mathematics, SHUFE �ÅL§ 1ÔÙ Brown $Ä



Brown $Ä�½Â9Ä�5�
Brown $Ä�Ù¦5�

o÷;�

Û¢o÷;�
�gC�

þ¡�Âñ´�VÇÂñ. �e½n¥�©y���Ð�{, Â
ñ5�±C¤´A�??�.

·K:

� (Bt)t≥0 ´��IO Brown $Ä. @oé?Û t > 0, � n ª
uÃ¡�, k

2n

∑
j=1

∣∣∣B j
2n t
− B j−1

2n t

∣∣∣2 → t a.s. (1)
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y. � Dn ´ [0, t] þ��©:©y

Dn = {0 =
0

2n
t <

1

2n
t < · · · < 2n

2n
t = t} .

�^ Vn L« VDn . @o, Uþ¡�Ún EVn = t �

E |Vn −EVn|2 = 2
2n

∑
l=1

(
l

2n
t − l − 1

2n
t

)2

= 2n+1

(
1

2n
t

)2

=
1

2n−1
t2.

Ïdd Markov Ø�ª,

P

{
|Vn −EVn| ≥

1

n

}
≤ n2E |Vn −EVn|2

=
n2

2n−1
t2
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�


∞

∑
n=1

P

{
|Vn −EVn| ≥

1

n

}
= t2

∞

∑
n=1

n2

2n−1
< +∞ .

ù�d Borel-Cantelli Ún�

Vn → t A�??Âñ.

½n��*)º:

«mþ���k.C��ëY¼ê�ã�­��½Ã��.

ùéu��Ônâf�$Ä;,´Ø�U�.
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♥ ∼ The End ∼ ♥
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